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Abstract

Beauville [A. Beauville, Jacobiennes des courbes spectrales et systemes hamiltoniens completement intégrables, Acta. Math.
164 (1990) 211-235] introduced an integrable Hamiltonian system whose general level set is isomorphic to the complement of the
theta divisor in the Jacobian of the spectral curve. This can be regarded as a generalization of the Mumford system [D. Mumford,
Tata Lectures on Theta II, Birkhéduser, 1984]. In this article, we construct a variant of Beauville’s system whose general level set is
isomorphic to the complement of the intersection of the translations of the theta divisor in the Jacobian. A suitable subsystem of
our system can be regarded as a generalization of the even Mumford system introduced by Vanhaecke [P. Vanhaecke, Linearising
two-dimensional integrable systems and the construction of action-angle variables, Math. Z. 211 (1992) 265-313; P. Vanhaecke,
Integrable systems in the realm of algebraic geometry, in: Lecture Notes in Mathematics, vol. 1638, 2001].
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The Mumford system [13] is an integrable Hamiltonian system with the Lax matrix

_ (v w(x)
Alx) = (u(x) —v(x)> e M (C[x]). (1.1)
Here u(x) and w(x) are monic of degree d — 1 and d, and v(x) is of degree < d — 2 where d is a fixed positive
integer. The space of Lax matrices A(x) is endowed with d — 1 independent Hamiltonian vector fields, defining an
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algebraically completely integrable dynamical system. Its general level set is isomorphic to the complement of the
theta divisor in the Jacobian of the spectral curve of the Lax matrix, which is a hyperelliptic curve of genus d — 1.
See [4,5] for the definition of algebraically completely integrability.

A variant called the even Mumford system was introduced by Vanhaecke [20,21], whose Lax matrix has the same
form as (1.1) but the polynomial w(x) is monic of degree d + 1. This small difference gives rise to another type of
general level set, which is isomorphic to the complement of the union of two translates of the theta divisor in the
Jacobian of a hyperelliptic curve.

On the other hand, Beauville [6] introduced a generalization of the Mumford system. The Lax matrix is given by
A(x) € M,(C[x]) with a certain condition on the degree of each entry, where r > 2 can be an arbitrary integer. He
constructed a completely integrable Hamiltonian system on the space of (the gauge equivalence classes of) the Lax
matrix A(x). Its general level set is isomorphic to the complement of the theta divisor in the Jacobian of the spectral
curve of the Lax matrix, which is not hyperelliptic in general. The Mumford system can be recovered as the case
r = 2 of Beauville’s system.

In this paper, we employ Beauville’s method to construct a system which generalizes the even Mumford system.
The Lax matrix is again given by A(x) € M, (C[x]) with arbitrary r > 2, but we impose a condition, different from
Beauville’s, on the degree of each entry. (Hence the spectral curve is not hyperelliptic in general.) We construct a
completely integrable Hamiltonian system on the space of (the gauge equivalence classes of) the Lax matrix A(x). An
interesting feature of this system is that the general level set is isomorphic to the complement of the intersection of r
translates of the theta divisor (Theorems 2.8 and 3.11), which is not an affine variety. In addition, we construct a family
of subsystems, which provides an open (finite) covering of our system. The level set of each subsystem is isomorphic
to the complement of the union of r translates of the theta divisor in the Jacobian (Theorem 4.5). We also construct the
spaces of representatives of the subsystems, and explicitly describe the Hamiltonian vector fields (Proposition 4.11)
and the correspondence between the Lax matrix and the divisor (Proposition 4.9). The even Mumford system can be
recovered as the case r = 2 of a subsystem.

This paper is organized as follows: in Section 2 we study the Jacobian of the spectral curves for the Lax matrix.
Section 3 is devoted to the construction of Hamiltonian vector fields, and to the proof of the integrability. In Section 4
we introduce a family of subsystems and show that each of them is algebraically completely integrable. Further we
construct the spaces of representatives of the subsystems, and study the integrable structure. The proofs of many results
in Section 2 and Section 3 are given by a modification of the argument of Beauville [6]; nevertheless we include a
rather whole proof in the present paper for the sake of completeness, and for the importance of Beauville’s argument.

Remarks on related works

The theory of algebraic integrability on a Poisson manifold was considered by Adler and van Moerbeke [4,5].
Integrable systems described in terms of the Lax matrix with the (Laurent) polynomial entries were discussed by
several authors [16,8,3,21]. In [15,1], the Mumford system was generalized to other directions. A new treatment of
the Mumford system was developed in [18]. (See also [11].)

One of the reasons that make the Mumford system (and its variants) interesting is a connection to many models
arising from physics, such as the Neumann system [13], the Moser system [2], the Toda lattice [9], the Lotka—Volterra
lattice [9], and the Noumi—Yamada system [11]. We hope to find a physical model that realizes our system in a future
study.

2. Jacobian of the spectral curve
2.1. Intersection of translations of the theta divisor

Let C be a smooth projective irreducible curve of genus g (over C). For each integer k, we write J* for the space
of invertible sheaves of degree k, which we regard as a principal homogeneous space under the Jacobian J° of C. We
define the theta divisor © C J&~! by

©={LeJ " HC,L)#0)
= {O¢(E) | E is an effective divisor of degree g — 1}.
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For each point g € C, we write 6, for the translation © + g = {L(q) = L ® Oc(q) | L € 6} of 6. This is a divisor
on J&. Let w : C — P! be a finite morphism of degree r. We define a subvariety J' of J¢ by

J={Lel®|m,L=0d0—1%"1)

where we abbreviate Op: to O. (In [6], J' is denoted by J (0, —1, ..., —1).) In this subsection, we prove the following.

Proposition 2.1. For any point a € P! unramified with respect to w, we have
J’:Jg\(ﬂ9q>=Jg\ N e
qeC gen—1(a)

It is enough to show the following two lemmas:
Lemma 2.2. For any point g € C, we have J&\ 6, C J'.
Lemma 2.3. For any point a € P! unramified with respect to 7, we have

IciEnl () e,

gen~(a)

We need some preliminaries to prove them. Let L be an arbitrary invertible sheaf on C. We can write m,L =
;zl O(d;) for some integers dy < dp < --- <d, suchthatdegL = g — 1 +r + ) _d;. We have

W€ L) =@ wLy =) WFL o) = Y (d+1) 2.1
i ie{jld;=0}

hC.Ly=n'P 7Ly =Y P o2-d)=- Y @+, (2.2)
i ie{jldj<—2}

where we used the notation 2*(X, F) = dim H*(X, F). This computation, together with the Riemann—Roch theorem,
implies the following two lemmas:

Lemma 2.4 (Cf. [6] 1.8). For L € J&~\, the following conditions are equivalent:
M LeJt o, @rcC,Ly=0, G r'(C,L)=0, @ nL=Z0(-DH?.

Lemma 2.5. For L € J§, the following conditions are equivalent:
(DLeJ (emL=0a0-D¥", @rwc,Ly=1, @) hrcC,L)=0.

Proof of Lemma 2.2. For an invertible sheaf L on C, we have the exact sequence

0 HC, L(—¢)) — H°C, L)% C — H'(C, L(—¢)) — H'(C,L) = 0 (2.3)

deduced from the short exact sequence 0 — L(—g) — L — C;, — 0. Now we assume L € J&\ 6. This amounts to
assuming L(—q) € J¢ !\ ©, and Lemma 2.4 shows h°(C, L(—g)) = h'(C, L(—g)) = 0. Then the exact sequence
(2.3) implies h°(C, L) = 1, which means L € J’ by Lemma 2.5. This completes the proof. [

Proof of Lemma 2.3. We take L € J'. By Lemma 2.5, we have h9(C,L) =1.Forq € C, we regard HO(C, L(—q))
as a subspace of H(C, L) by the injection appearing in Eq. (2.3).

Now we assume L € N,cr-1(q) O This amounts to assuming L(—q) € O for any ¢ € 77 (a). Then
Lemma 2.4 shows that the inclusion H%(C, L(—q)) — HO(C, L) is bijective for any g € 7~ Ya). In other words,
any non-zero global section of L must have a zero at ¢ for any ¢ € 7~ (a). Therefore HO(C, L(—7*a)) =
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Nyex—1a) H'(C. L(—q)) is isomorphic to H%(C, L), and we have h®(C, L(—7*a)) = h°(C,L) = 1. However,

qgem
by the projection formula (and the assumption L € J'), we have

h(C, L(-n*a)) = '°(P!, m. L @ O(=1)) = i°P', 0(=1) ® 0(—=2)® 1) = 0.

This is a contradiction, and the proof is done. O
2.2. Jacobian of the spectral curve

We fix natural numbers r and d. Let us consider a polynomial of the form
Px,y) =y 4510y 7 4 s (x)

with s; (x) € C[x]is of degree < di. We regard x as a fixed coordinate function on P!, so that the equation P (x, y) = 0
defines a finite map 7 : Cp — P! of degree r, where Cp is the spectral curve of P. One can define Cp to be the
closure of the affine curve defined by P(x,y) = 0 in the Hirzebruch surface of degree d. More explicitly, Cp can
be described by gluing two plane affine curves defined by the polynomials P(x, y) and z%" P(z~!, z7%w) € C[z, w]
by the relation x = z~!, y = z~%w. The aim of this subsection is to give an explicit representation (the matrix
realization) of the variety J’ considered in Section 2.1 assuming C = Cp is smooth (hence irreducible). We remark
that, under this assumption, the genus of Cp is g = %(r — D(rd —2).
We introduce some notations:

Sk(x) = {s(x) € C[x] | degs(x) <k},

A(x)11 € Sa(x), A(x)1j € Sgt1(x),
A(x)i1 € Sg—1(x), A(X)ij € Sa(x),

Vir,d) ={P(x,y) =y +s1)y "'+ +5.(x) € Clx, y] | 5 (x) € Sai ()},

t7 t7 N
Gr={g(x)=((1) blx; bO)‘BeGL,_l((C), bl,boe(C’_l}.

M(r,d) = {A(x) e M, (C[x])

(2§i,j§r)},

In this article we denote column vectors using a notation such as b. We write the adjoint action of G, on M (r, d) as

g(A(x) = g(x)'A()g(x) forg(x) € G, A(x) € M(r,d). (2.4)
Further we introduce a map:

v M@, d) — V(rd); A(x) > det(yl, — A(x)),
and define subsets of V (r, d) or M (r, d) as follows:

Mp =y~ (P(x, ),

Vi (r,d) = {P(x,y) € V(r,d) | Cp is irreducible},

Vem(r,d) = {P(x,y) € Vi (r,d) | Cp is smooth},

Mir (r,d) = ¥~ (Vir (r, d)),

M (r, d) = ¥~ (Vi (r, ).
Then we have V (r,d) D Vi (r,d) D Vg (r,d) and M (r,d) D M;,(r,d) D Mg, (r, d). Note that each Mp, M;,(r, d)
and My, (r, d) is stable with respect to the action of G, (2.4). For later use we introduce a lemma:
Lemma 2.6. The action (2.4) of G, on M;,(r, d) is free.
Proof. We have to show that the stabilizer is trivial for all A(x) € M;,(r,d). Since any element of G, has an

eigenvalue 1, this follows from the following lemma on elementary linear algebra: [

Lemma 2.7. Let K = C(x) be the field of rational functions over C. Let r € N, and suppose A, B € M,(K)
satisfies the following conditions: (1) AB = BA, (2) B is not a scalar matrix, (3) B has an eigenvalue b in K. Then
det(yl, — A) € K[y] is a reducible polynomial in y.
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Proof. This follows at once by noting that the eigenspace of B with respect to b is a non-trivial, proper subspace of
K®" stable under A. O
We define a projection map n:

n:Mi(r,d) > Mir(r,d)/G,. (2.5)

In the following, we respectively write Jp and J,, for the variety J and J’ defined in Section 2.1 associated to
(Cp, m). For k € Z and an invertible sheaf L on Cp, we use a notation L(k) = L ® 7 *O (k). The main result in this
subsection is the following:

Theorem 2.8 (Cf. [6] 1.4). Let P(x,y) € Vgu(r,d), andlet 7 : Cp — P! be the finite map defined by x. Then, M p
is a principal fiber bundle under G, and the base space Mp /G, is isomorphic to Jp.

Proof. The first part follows from Lemma 2.6. We construct a surjective map Mp — J;, and show that each fiber
is a principal homogeneous space under G,. We remark that a matrix A(x) € M(r,d) defines an O-linear map
080115 0@ 0(d— 1?1 (Here we consider O(d) = O(d - 00).) Due to [7] (see also [6] 1.4), the
set

(L) | Ledp, v:0@ 0¥ =n,L) (2.6)

is in one-to-one correspondence with Mp in such a way that the diagram

o011 2 owyeow- 1!
vy v(d) 1 Q.7
7L il 7. L(d)

commutes whenever (L, v) corresponds to A(x) € Mp. (Note that A(x) must be in Mp because of the relation
P(x,y) = 0in O¢.) By composing this correspondence with the ‘forgetful’ map (L, v) — L, we obtain the desired
surjection Mp — Jp. The fiber of this map over L € J}, is the set of isomorphisms O & O(—D®~1 =, L whichis
a principal homogeneous space under G, where the action of g(x) € G, is given by v > g(x)*1 ovog(x). (Here we
regard g(x) as an automorphism on O & O(=D®laswellas O(d) ® O(d — 1)®"~1.) On the set Mp, this action
corresponds to the conjugation. This completes the proof. O

Remark 2.9. Given an invertible sheaf L € J}, a corresponding matrix A(x) € Mp is constructed in the following
way. We have to choose an isomorphism v : O @ O(—1)®~! — m,L. This amounts to a choice of a basis
of HO(Cp, L(1)) of the form (fy, f1,..., fr—1,xfo) with fo € H%(Cp, L). The multiplication by y defines
elements yfy € HOCp, L(d) = (foSa(x) & @2} [jSa-1(0) and yfi, ..., vfr1 € HOUC, L + 1) =
(foSa+1(x)) & (@;;11 fjSa(x)). Now the matrix A(x) is characterized by

y(fo, fi, oo fr=1) = (fo, f1. .- fr=DA®).

In other words, the set Mp is in one-to-one correspondence with the set of pairs (L,v) where L € J, and

v S1(x) ®CE 1 =5 HOCp, L(1)). A matrix A(x) € Mp corresponds to (L, v) iff

2=

Si(x) @ Ce ! —  H%Cp, L)
A by (2.8)

v(d)
Sa41(x) ® Sq)® 1 = HCp,L(d+ 1))

commutes.
2.3. Characterization of a translation of the theta divisor

We fix P € Vg (r,d). Let A(x) € Mp, andlet L € J}, be the corresponding invertible sheaf. We take a € P\ {00}
unramified with respect to m, so that A (a) = {q1, ..., qr} consists of r distinct points. Then y(q1), ..., y(q,) are
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the distinct eigenvalues of the matrix A(a). Let p,, : C" — C be the projection to the eigenspace associated with
the eigenvalue y(g;). Foreachi =1, ...,r, we write s, : H%(Cp, L) — C for the map in the exact sequence (2.3)
applied to ¢ = g;. In this subsection, we show the following.

Proposition 2.10. For eachi =1, ..., r, the following conditions are equivalent:
(1) pg; (1,0, ...,0) #0, (2) Im(sg;) # 0, B)LeJp\ 6By

Proof. The equivalence between (2) and (3) is a consequence of Lemma 2.4 and the exact sequence (2.3), as is shown
in the same way as Lemma 2.2. We show the equivalence between (1) and (2). We recall that the map s, is induced
by the map 5, in the following short exact sequence of sheaves on Cp

Sq;
0— L(—g;) — L —> Cy — 0.
We then have a commutative diagram

@5, .
Lo — & Gy
™Y 1@ y(gi)
@iy, (@)
T L(d) ——> ®;_, m.Cy,

where the right vertical map is defined as the multiplication by y(g;) on the i-th component. Letv : 0® O (—1)® 1 =
7, L be the isomorphism corresponding to A(x). The pull-back of this diagram by v is written as

oso-ne-1 I, cor
LA @

o) ®oWd— ¥l 2, cor
where /| and [, are defined simply by the direct sum of O(k) — C, for k € {0, —1,d,d — 1}. This means that
7+Cy, maps to the eigenspace of y(g;) in C" under the isomorphism v, : C, = ®/_, n,C,,. The image of the map

HO(P!, 0 ® O(—=1)®~!) — C" induced by /; is generated by (1,0, ..., 0). Therefore the image of s, is non-trivial
if and only if p4; (1,0, ..., 0) % 0. This shows the proposition. [0

Remark 2.11. Let us consider the case a = oo (still assuming that 7 is unramified at a = o0). The statement of
Proposition 2.10 remains true if we replace A(a) by A(oco), where the (i, j)-component of A(co) is the coefficient
of the leading term of A(x);;. Note that, if we set w =y /xd , then w(q), ..., w(q,) are the distinct eigenvalues of
A(00).

3. Integrable system
3.1. Vector fields

We identify the tangent space Ty )M (r, d) at A(x) € M(r, d) with the affine space M (r, d) and write vector fields

on M(r,d) in the matrix form. For a positive integer p and a € C, we define a vector field Ta(p ) on M (r, d) by the
Lax form

TP (A)) = [A(@)”, A(x)]. 3.1)

x—a
If we let a € C vary, T,fp ) can be written as a polynomial in a of degree pd. For j = 0, ..., pd, we define a vector
field Y;p ) to be the coefficient of @/ in this polynomial, viz.

pd
TP =3 aly{. (3.2)
j=0
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Remark 3.1. For each a € C, the sets of the vector fields {T,EP)H < p<r—1}and {T,Ep)|1 < p} generate the
same vector space by Hamilton—Cayley’s formula for A(a). Further for each p > 1, the sets {Tép ) la € C} and
{Y ;p ) |0 < j < pd} generate the same vector space by Vandermond’s determinant formula.

Lemma 3.2. The projection map n (2.5) induces the equality n. Ta(p)(A(x)) = N Tép)(g(A(x))) in
Tyawy)y M (r,d)/ Gy) for all g(x) € G, and A(x) € M (r, d).

Proof. A vector field X on M;,(r,d) satisfies n:X(A(x)) = n«X(g(A(x))) in Tyax) M (r,d)/G,) if and
only if X(A(x)) — g+X(A(x)) is tangent to G,-orbits for any g(x) € G,. A direct calculation shows that
Té” ) (A(x)) — g« T[EP ) (A(x)) is a linear combination of the vector fields of Lie G,:

Xp(A() = [E,AW)], for E = E;j Eyj.Ej; Q<i,j<r). (3.3)

Here E;; is given by (E;j)x = ixd;i, and E;j = x Ey;. Thus the claim follows. O

Corollary 3.3. Foreacha € C,1 < p <r — 1,0 < j < pd, we have well-defined vector fields Tép) and f’;p) on
M;,(r, d)/ G, which satisfies at [A(x)] = n(A(x)) ‘

TP A = 0. TP A, TP AAD = n.Y [P (A)).
We collect some properties of 17;’7 ),

Lemma 3.4. (1) For each P € V;.(r, d), the vector field Y;p) is tangent to Mp and 17]@) is tangent to Mp/G,.
(2) Foranyi and j, the vector fields Yi(p ) and Y;q) commute. So do ?l-(p ) and ¥ ;q).

(3) We have YI(,Z) = ’7,(,5)_1 = 0. The dimension of the vector space generated by I?;p) withl<p<r—10<j<

pd — 2 is at most g.
Proof. 1: A vector field on M (r, d) is equivalently given as a derivation on the affine ring of M(r, d). We write
fr(x) = trA(x)* and let sz (x) be the coefficients of y" % in det(yl, — A(x)) for 1 < k < r. By Newton’s formula,
each si(x) is written as a function in Q[#1 (x), ..., fx(x)]. Since T‘Ep ) is given by the Lax form (3.1), the associated
derivation satisfies TCEP ) (tx(x)) = 0. Thus we see Ta(p )(sk (x)) = 0, and the claim follows.
2: This is shown by a direct computation.
3: Since Y;EZ) and Y ;5)_1 are tangent to G,-orbits, Y ;Z) and )?I()Z)_l vanish. Therefore the space in question is generated
by 17;[7) with1 < p <r—1,0 < j < pd —2. The number of the members is Z;_:ll (pd—1) = %(r —1(dr—-2)=g.
O

3.2. Translation invariance

We have seen that Mp /G, is isomorphic to an open subset J ;, of J ﬁ for P(x,y) € Viu(r,d) (Theorem 2.8).
We regard the restriction of the vector fields ~Ta(p ) and f’;p ) as vector fields on J I’D. In this subsection, we show that
T\ m, /6, and 17;" '|mp G, are translation invariant under the action of the Jacobian J9 on J§.

The space of translation invariant (holomorphic) vector fields on Jp is canonically dual to H 0(Cp, Qép). Let COP

be the set of points ¢ € Cp such that 7 : Cp — P! is unramified at ¢ and 77 (q) # oo. For g € C%, we write X for the
vector field corresponding to the linear form w +— d(x+x(q)) (g) on H OCp, .Qép). (Recall we have fixed a coordinate

x on P.) Equivalently, X, is characterized as follows: the short exact sequence 0 — Oc¢, — Oc,(q) — T,Cp — 0
induces the connecting homomorphism

7,Cp — H'(Cp, Oc,).

The image of the vector 3 C e I,Cpin H Lcp, Ocp) corresponds to X, under the Serre duality.

9
x—x(q))
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Remark 3.5. If Q is an infinite subset of C%, the vectors X ¢ (q € Q) generate the full space of translation invariant
vector fields. Indeed, this is equivalent to the triviality of the cokernel of

P 1,cr — H'(Cp. Oc,).
q€Q

which is dual to the kernel of

H(Cp, 2,) — ]_[ T, Cp;
q€Q

but this kernel is trivial by the simple fact that any non-zero differential form has only finitely many zeros.
The main result in this subsection is the following.

Theorem 3.6 (Cf. [6] 2.2). Let a € P! be a point such that t : Cp — P! s unramified over a, and let P (a) =
{91, ..., qr}. Then, for each p > 1, the vector field ~Tép)|MP/G, coincides with y(q1)? Xq, + -+ + y(g-)? X,

Proof. Let A(x) € Mp. Then A(a) has r distinct eigenvalues y(qi), ..., y(gr). For each ¢ € 7' (a), we write
1, € M, (C) for the projector to the eigenspace of y(q), and we define a vector field A, on Mp by

. 1
Ag(A(x)) = —— [y, A(x)].
X —a
Since TLS’” |Mp/G, = y(ql)PAql +--+ y(qr)pAqr, the theorem is reduced to the following lemma. O

Lemma 3.7. We have n.(T")(A(x)) = X, (n(A(x))) for any g € 7~ (a), A(x) € Mp.

Proof. In this proof, we omit to indicate P and write C = Cp, J = Jp etc. Let Cc be the scheme whose underlying
topological space is C but with the structure sheaf Oc[e], €2 = 0. For L € J, the tangent space 77 J is in one-to-one
correspondence with the set of invertible sheaves on C,, which reduce to L modulo €. If ¢ € CYand L € J/, the
vector X, (L) corresponding to the invertible sheaf L; is given by

HO(U. LY) = {s +et

se H'WU, L), t € H(U, L(g)),
s/(x — a) + t is holomorphic at g

for an open set U of C (cf. [6] 2.2).

Recall that the set Mp is in one-to-one correspondence with the set of pairs (L, v) where L € J’ and v is an
isomorphism HO(C,L(1)) = S;(x) ® C® ! (cf. Remark 2.9). If A(x) € Mp corresponds to (L, v), the tangent
space T4 (x)M p is in one-to-one correspondence with the pairs of (L€, v) where L€ is an invertible sheaf on C¢ which
reduces to L modulo €, and v¢ is an isomorphism (S; (x) ® C® ~1) @ C[e] = HOY(C., L¢(1)) of C[e]-modules, which
reduces to v modulo €. A vector A(x) € TacyMp C Ta)yMsm(r,d) = M(r, d) corresponds to a pair (L€, v.) iff

S{@ClE® ) = HC., L)

A()+eA(x) \ by 3.4

Ue(d)

~

(S5, @855 = HC. L@+1)

commutes. Here we denote S,ﬁ = S (x) ® Cle].

Now let g € CY. Let A(x) € Mp and let (L, v) be the corresponding pair. Recall that LZ is the invertible
sheaf on Ce¢ corresponding to X, (L). In order to complete the proof, we are going to construct an isomorphism
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v; (ST @ Cle)®—! = HOC,, Lf](l)) such that vg reduces to v modulo €, and that the diagram

S{@Cle®™y = HOC., LE()
A(x)+eAq (x) \ ¢y 3.5)

Se @85 = HC, Lyd+1)

commutes.

Let a = n(q) and write 7 Ya) = {g1 = q, q2, ..., gr}. There exists a section s; € HO(C, L(1)) which does not
vanish at ¢; but vanish at g; for j # i. However, such an s; is not unique. We specify a choice of s; as follows. We
write fo, f1,..., fr—1 € HO(C, L(1)) for the images of (1, (0, ...,0)), (0, (1,0,...,0)),...,(0, (0, ..., 1)) under
the isomorphism v. Then ((x — a) fo, fo, f1, ..., fr—1) is a C-basis of H(C, L(1)) (and (x — a) fy is a C-base of
HO(C, L)). On the other hand, ((x —a) fo, 51, - - ., Sr) is also a basis of HO(C, L(1)). Thus we can write

(X = @) fo, S15 s 8) = ((x — a) fo, fo, f1seees frot) - A,

~ 1 . .
A:(O j) A= (1. ....%) € GL.(C).

We can choose si, ..., s, so that A= (g) 2) This condition determines s; up to a multiplication by a non-zero

scalar. By definition we have ((x — a) fo/s:)(g;) = 0 and s, /s;(g;) = & ;. Hence, if we set f := ((fj/si)(qi))ij, then
f-A=1,.
Now we define vg to be the composition of

o HO(C, L(1)) & HO(C, L(1))e — HO(C, Lo (1)

noos (3.6)
(t1, he) = 1 +(t2—;(Q) )6

X —a

with an isomorphism

v @ idepe: (5S¢ @ Clel ™) —> HO(C. L(1)) ® Cle] = HO(C., L(1)) & HO(C, L(1))e.

The change of 51 by a scalar multiplication does not affect the definition of this map.
It is immediate that vfl mod € is v;. We check the commutativity of (3.5). We write f = (fo,..., fr—1) and

f/si (@) = (fo/si(q), ..., fr—1/si(g)). Then the map (3.6) can be written in terms of matrices

o(fief)=F+e (f— I H) . I =% f/s1(9) € My (O).

X —a

Therefore, the commutativity of (3.5) means
- € - € .
fAX) (H — —H> =f (H — —H> (A(x) +€Ay(x)),
X —a X —a

which follows if we have I = Il . To show the last assertion, we note that the equation ys; = f A (x)X,- holds in
HO(C, L(d + 1)). Thus we have fA(a)A = diag(y(q1), .. ., ¥(gr)). Since f = A~1, this means A; is an eigenvector
of A(a) belonging to the eigenvalue y(g;). In particular, II = A1 - f/s1(q1) is the projector II;,. This completes the
proof. O

By Lemma 3.4(3) and Remark 3.5, we obtain

Corollary 3.8. The space of vector fields on M;(r,d)/G, generated by f;p) (1<p=<r—-10<j<pd—-2)is
g-dimensional.
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3.3. Hamiltonian structure

In this subsection, we show that the vector fields ’ij’ ) on M;,(r,d)/G, are Hamiltonian, following the method
of [6] Section 5 (see also [12] Section 15, [14]).
Letay, ..., aq4+2 be distinct points in C, and ¢ : M (r, d) — M, ((C)‘“r2 be a map defined by

p(A(x)) = (c1A(a1), ..., ca+2A(ad+2))- (3.7)
Here ¢y = Pylag)~! with Py(x) = ]_[p#a(x — ap). This map is injective, and the preimage of Y =
(Y1, Y, ..., Yy42) € o(M(r,d)) is obtained as ¢~ (Y) = Zgﬁ Y, Py (x) by Lagrange’s interpolation formula.

We set the coordinate on M, (C)4*2 by using y;"j I<a<d+2,1<i,j<r)aYy,= (ylf"j)lfi,jfr € M, (C)
andY = (Y1, Ya, ..., Yg42) € M, (C)?+2. We define the G ,-action on M, (C)?*? by

8(0) 1 (Yo)1<a<d+2 = (8(a0) ™ Yag(@w))1<a<d+2, (3.8)

which is compatible with the G,-action on M (r, d). We equip M, ((C)d+2 with the Poisson bracket which comes from
that of g/, (C) = M, (C):

D% V5 = 8up (81008 — 81035 (3.9)

The associated Casimir functions are #; , = tr(Y(f) forl <a<d+2,keZy.
For E € Lie G,, we introduce the Hamiltonian functions Hg on M, ((C)d“:

Hg, =) vh.  Heg =) awfi.  Hg, =) y§. for2s<ijs<r
o o o

These satisfy Hig gy = {Hg, Hp'} for any E, E’ € Lie G,. Each Hg generates a vector field on M, (C)+2
compatible with Xg (3.3) on M(r,d) via the map ¢. The associated moment map p : M, (©)412 - (Lie G,)*
is the unique map which satisfies Hg(Y) = (u(Y), E) forall Y € M, (C)?*? and E € Lie G,. Here (, ) is the
pairing between (Lie G,)* and Lie G,.

Lemma 3.9. (1) The image of ¢ is an affine subvariety of M,(C)?*2 determined as the intersection of 1~ (0) and
tfl(O), wherety =), 1a.
(2) The Poisson structure (3.9) induces the Poisson structure on ¢(M;,(r, d))/ G, and hence on M;,(r, d)/ G, via ¢.

Proof. 1: The image ¢ (M (r, d)) of ¢ is a subvariety of M, (C)412 determined by the following conditions:
d+2
D=0
a=1
d+2 d+2 d+2
Zy?‘]:O, Zaay;ﬂ:O, Zyj‘i=0, for2 <i,j<r
a=1 a=1 a=1

We see that the last three conditions are nothing but the defining equations for 2~ (0) (i.e. the zero of the Hamiltonian
functions Hg). Summing up the first one and the last one for 2 < i = j < r, we obtain the defining equation for
-1

t; (0).

1

2: Recall that the action of G, on ¢(M;,(r,d)) C M, ((C)g+2 is free, and that o(M;,(r, d)) C = 1(0) N tl_l(O). Then
the Poisson structure (3.9) on M, (C)412 induces the Poisson structure on the quotient space ¢(M;,(r,d))/G,. This
is passed to the Poisson structure on M;,(r,d)/G, by ¢. O

(3.10)

The following lemma is shown by a direct computation.

Lemma 3.10. The vector fields (p + 1) ]_[Z'j (a — ay) iﬁ”) on M;(r,d)/ G, is Hamiltonian. They are generated by
the G -invariant function trA(a)P*! on M;,(r, d) with respect to the Poisson bracket of Lemma 3.9(2).

Summarizing Theorems 2.8 and 3.6 and Lemma 3.10, we conclude that
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Theorem 3.11 (Cf. [1] 5.3). The Hamiltonian system ¥y, ay/G, : Mir(r,d)/G, — V(r,d) is completely
integrable. In particular, the general level set is isomorphic to an open subvariety of a Jacobian. More precisely,
we have Mp/G, = J, if P € Vg (r,d).

4. Generalization of even Mumford system
4.1. Matrix realization of the affine Jacobian

In this section, we construct a family of subsystems of M;,(r, d)/G, whose general level set is isomorphic to the
complement of the union of r translates of the theta divisor in the Jacobian.
In the following, we write A(x) € M(r, d) as

_ (v(x) ")

Alx) = (ﬂ(x) T(x)) , 4.1
where v(x) € Sg(x), u(x) € Sq_1(X)® 1, w(x) € Syp1(x)® L and T (x) € M,_1(Sq(x)). The coefficients of xk
(k > 0)in v(x), W(x), u(x) and T (x) will be denoted by vy, Wy, 1y and Ty. For A(x) € M(r, d), we define

D(A(x); x) = (ii(x), T(0)ii(x), ..., T(x)""%ii(x)) € My—1(C[x]), “4.2)

D(A(x); 00) = (g1, Tgitg—1, - .., T4 *iig—1) € Myr—1(C). (4.3)

Note that det D(A(x); x) is a polynomial in x of degree at most g, and that the coefficients of x& is det D(A(x); 00).
For each ¢ € P!, we define the subspaces M., ./\/li,’ and M, p of M(r,d):
M, ={A(x) € M(r,d) | det D(A(x); ¢) # 0},
Mir = MC m Mir(rv d)v
MC,P = M(; N MP.

Lemma 4.1. 1. The subset M is invariant under the action of G, on M (r, d).
2. The action of G, on M. is free.

3. Letcy, ..., cgy1 be distinct points on PL. Then we have
g+1
Mir(r.d) C | JMe, = | Mc € M@, d).
i=1 celP!

Proof. Let A(x) € M, and g(x) = (j) '5;”) €G,.

1: This follows from the relation det D(g(A(x)); x) = det B~ - det D(A(x); x).
2: A computation

v—"b-B % "&-B+v'b—"bB Yi'b—"hB'TB
= (4.4)

Alx)) = ey
g(A) < B~ B li'b+B'TB

shows that the condition g(A(x)) = A(x) implies BD(A(x); x) = D(A(x); x) and ’l;D(A(x); x) = 0. If we further
assume A(x) € M., then we obtain B = I,_; and b =0.

3: The equality in the middle holds since deg, D(A(x); x) < g. We show the left inclusion. Assume A(x) & M, for
all ¢ € P!. Then D(A(x); x) is identically zero. Hence we have

det((é) , A(x) G)) LA (é)) =0,

which implies that the column vectors span a proper subspace in C(x)® invariant under A(x). Therefore the
characteristic polynomial of A(x) is reducible if A(x) € M,.. O
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This lemma implies that M /G, is a subsystem of the completely integrable system M;, (r, d)/G,. The general
level set is described in the following:

Proposition 4.2. Let ¢ € Pl and P € Vi, (r,d) such that w : Cp — Pl s unramified over c. Then the level set
M. p/ Gy of MIT/G, is isomorphic to Jp \ (qun—l(c) 9(1).

Proof. Let A(x) € Mp and let L € J}, be the image of A(x) under the map Mp — Mp/G, = J,. According to
Proposition 2.10 and Theorem 2.8, L is in U, ;-1 Oy if and only if the first entry of any eigenvector of "A(c) is
nonzero. Thus the following lemma on linear algebra completes the proof. O

Lemma 4.3. Let C € M, (C) be a semi-simple matrix. Writing 'C = (; C*o) with Co € M,_1(C) and ¢ € C'1, we

set D ='(¢,Coé, ..., Co"~28) € M,_(C). We write W for the subspace of C" generated by all eigenvectors of C
whose first entries are zero. Then we have dim W = r — 1 — rankD.

Proof. Define i : C"~! — C by setting the first entry to be zero, and let Vo = i(C" ™). Let Wy = {i(w) € Vj |
w e C™~!', Dw = 0}. Since dim Wy = r — 1 — rankD, it is enough to show W = W;. The lemma below shows that
W is the maximal subspace of V which satisfies the condition CW C W. Since CWy C Wy, we have Wy C W. To
show the converse, we take w € W. Since CW C W, we have Ckw) € W(C V) for all £ > 0. By writing down the
condition C*% € Vofork =0,1,..., weseew € Wy. This shows W C Wy and we have finished. O

Lemma 4.4. Let f : V — V be a semi-simple endomorphism of a finite dimensional C-vector space. For a subspace
V' of V, we write Ev(V') for the set of eigenvectors of f in V'. Let W be a subspace of V. Let Wy, be the maximal
subspace in W which satisfies f(Wss) C Wy, and let Weig be the subspace of V generated by Ev(W). Then we have
Wi = Weig~

Proof. We have Weig C W, because f(Weig) C Wejg. It holds that

1 ) 3
Wy L (Ev(Wyp)) € (EvW)) 2 Weg.

Here (1), (2) and (3) follows by the semi-simplicity of f, by Ev(Wy;) C Ev(W) and by definition, respectively. [
‘We summarize our main result.

Theorem 4.5. The Hamiltonian system | Mir/G, ./\/li.r /G, — V(r,d) is algebraically completely integrable. In
particular the general level set is isomorphic to an affine subvariety of a Jacobian. More precisely, if P € Vg, (r, d)
and if w : Cp — Pl is unramified over c, we have M. p]G, = Jf, \ (qun’l(c) 6y).

Remark 4.6. The Hamiltonian vector fields Tép ) are defined on M./G, (not only on Mér /G,) because of
Lemma 4.1-2.

4.2. Space of representatives

We introduce a space of representatives of M./ G,. For Beauville’s system, Donagi and Markman [8] constructed
such a space of representatives.
We define subspaces S, of M (r, d) for ¢ € P! as follows:

© 120 (1 =M
Se = {A(x) € M(r,d)| Ax) = ('L v ) +@ =0 (’im wm)
v T u T

+ higher terms in (x — ¢), W eT , forceC,

t= Y "
Soo = {A(x) eM@r,d)|AKx) = (g w5+1> xd+1 + <%1 wd) xd + <vd:1 wgl) xdfl
T

+ lower terms in x, T;_| € T} , forc=o0.
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Here 7, v and the set 7 is as follows:

0O 0 --- 0 1
1 0 --- 0 . 0
t=|. . . | eM©, v=|.|eC
: e : 4.5)
o --- 1 0 0

T={peM_1(C)|pj=0forj=1,...,r —1}.
By definition, S, C M. since det D(A(x); x) = 1 forall A(x) € S,.
Proposition 4.7. For ¢ € P!, the map given by S x G, —> M¢.; (S(x), gx)) — g(S(x)) is an isomorphism. Thus
the space S, is a set of representatives of M./ G,.

This is a consequence of the following lemma:

Lemma 4.8. Let c € P!,

(1) If A(x) € MCL then there exists g(x) € G, such that g(A(x)) € Se.
) If g(S(x)) = S(x) with S(x), S(x) € S; and g(x) € G, then we have g(x) = 1I,.

Proof. 1: We give a proof for ¢ # 00. (The case of ¢ = 0o can be shown in a similar way.) Define B € M,_{(C) by
B = (ft(c), qi(e), ..., {r_zﬁ(c)) .

Here ¢; (1 <i <r —2) € M,_{(C) are defined by
G=TE +ATE " + AT >+ -+ Bl

where B; (1 <i < r — 1) are the coefficients of yi in the characteristic polynomial of T (c¢): det(yI,_1 — T'(c)) =
y’_1 + ,31y’_2 + ---+ By—1. Since we have assumed A(x) € M, B is invertible. Then we obtain

<(]) B(il> A(x) <(1) g) = <§ :) +(x —c) (: ;) + higher terms in (x — ¢),
where
B =B - =B
1 o .. 0
= . . | Tem_©.
0 1 0

We define 51 and Z;o by
bic+bo="Bi..... Br—1), b1 =—"(T11,Tiz,.... Tir_1).

Consequently we obtain the matrix

_ 1 0 1 tl;]x+tl;0
gm_(o B)(O 1 :

which satisfies g(A(x)) € S.. 3
2: By expanding the relation g(S(x)) = S(x) in (x — ¢) and comparing the coefficient matrices of (x — ¢)? and
(x — )b, we seeg(x)=0. O

4.3. Integrable structure of Soo
Now we set ¢ = oo. We study an explicit relation between S p and Divfﬁ(C p), then give a description of the

vector field on Sy. These two results may be regarded as the counterparts of the studies on Beauville’s system by
Smirnov and Zeitlin [19] Section 4.1-2, and by Fu [10] respectively.



828 R. Inoue et al. / Journal of Geometry and Physics 57 (2007) 815-831

Let P € Vg, (r, d) be such that oo € P! is not a ramification point of 7, and set Soo p = Soo N Mp. We study
the relation between Soo, p and Divgff(C p) by applying the method of Sklyanin [17] (the separation of variables).
Lett: Divﬁff(C p)—> J ﬁ be the Abel-Jacobi map. Its restriction 7 | -1 ) is injective, because the complete linear

system of L € J, is of dimension zero (cf. Lemma 2.5). By abuse of notation, we write v~ ! for the composition of

Jp —> 771 (Jp) = Divé(Cp).
Our aim is to give an explicit description of the composition « of

~ ~ -1
Soo.p — Moop/Gr — JEN | |J 64 | € Jp T Divig(Ch).
gen~1(c0)
Unfortunately, our result is limited to a subset of So p due to technical difficulties. Define

/ —
oo, P —

Note that det D(A(x); x) of A(x) € S, p is of degree g by the definition of Seo, p.

{A(x) € Sxo,p| all roots of det D(A(x); x) are simple and belong to n(COP)}.

Proposition 4.9. Let A(x) € SCLO’P. Denote by x1, ..., xg the simple roots of det D(A(x); x) = 0. Let v € Cr1 pe
any vector satisfying

det(@, i(x), ..., T(x) ~3i(x)) £ 0. (4.6)
With this v, define

~ det(T(0)v, i(x), ..., T(x) 3u(x))
T det®, u(x), ..., T(x)3u(x))

Yi 4.7

X=X

(This is independent of the choice of v.) Then we have k (A(x)) = ‘le (xi, yi).

Proof. The assumption that x; (1 <i < g) is a simple root of det D(A(x); x) implies that the rank of D(A(x); x;) is
r —2. By Lemma 4.3, there exists a unique eigenvector of ' A(x;) whose first component is zero. Denote the eigenvalue
by «;. Then by Proposition 2.10, the invertible sheaf L corresponding to A(x) satisfies L € ﬂle O(x; a;)- Because of
the injectivity of r|171(1;)) mentioned above, we see k (A(x)) = 11 (L) = Zle(x,-, «;). Thus what we have to show
is that y; = «;.

For simplicity, we show the case of i = 1. Since the eigenvalue oy of A(x1) is also an eigenvalue of T (x), there
exists an eigenvector ji’ of T'(x1) of the eigenvalue ;. It is easy to show det(i’, i(x1), ..., T (x1)"3u(x1)) # 0, and
we obtain

_det(T (xp)i, i (x1), ..., T(xp) ii(x1))
det(i/, i (x1), ..., T (x1) 73u(x1))
Let v € C"~! be a vector satisfying (4.6). Then there exist rational functions B(x), Bo(x) , ..., Br_3(x) € C(x) such
that

r—3
v=BWA + Y AT @) ().
k=0
Here B(x) # 0 by the assumption on V. Now it is immediate to check that yj = ;. [

Next we describe the vector field on S, induced from (3.1), using the following lemma:

Lemma 4.10. Let X be a vector field on My, >~ S X G,. The isomorphism @ : M S 8o x Gy A(x) —
(S(x), g(x)) induces the decomposition of X as ®.X = F + G, where F € H%Ss X G,,TSs) and G €
H%(So x G, TG,). Then

X(A(x)) = g (F(S(x), g(x))) — [g(x) ' G(S(x), g(x)), A(x)]. (4.8)
Here we identify Ty ()G, with LieG,, and Ts(x)Sco with the subspace of M ((r, d) via the inclusion Sooc — M (r, d).
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The proof is left to the reader. The Hamiltonian vector field on Sy, becomes as follows:
Proposition 4.11. The projection of the vector field (3.1) onto Seo is

t> to
FP(A@) = %[A(a)”,A(x)]-k [(8 Ppx+'B,

—a Cp

) , A(x)} at A(x) € Sxo. 4.9)

Here ()7p, ,gp, Cp) e CleC'eM_1(Cisa unique solution of

Cp-V=(t—val,_1)-hp,
B, —[Cp Tl = hp gy (4.10)
("B, +ia—z 'V, —CpTu—i = (hy - (Wy+a'ihy, )+ JpDri, forl <i<r—1,
where T and v are defined in (4.5), and ﬁp and J, are
* %
A@)P = (a ) 4.11)
hp Jp
Proof. The equations (4.10) are obtained by solving (4.8) for F(S(x), g(x)) and G(S(x), g(x)) at X = Tép) and
g = I,.. Eq. (4.8) becomes
TP (AW) = FP(AW) — [GP (AW))., A@)], (4.12)

where F\”)(A(x)) is of the form

chp)(A(x)) = x4+ (g Z) + x4 (g 2) + x?-1 ((f) :) + lower terms in x.

Here p € T (4.5), and G (A(x)) € Lie G, is of the form

9 t?px+tﬂp

G (Ax)) = (O i ) (Fps Bp e C71 Cp € M,_1(0)).
14

The matrix G,(lp) (A(x)) is determined as follows. In the LHS of (4.12), the (7, 1)-entries (2 < i < r) and (i, j)-entries
2=<ij<r)are
(wal,—1 — 1) ﬁp x4~1 4+ lower order in X,
Ry g, xd + (fzp (g +a'wg, )+ [y, ‘L’]) x?~! + lower order in x.
In the RHS of (4.12),the (i, 1)-entries (2 <i < r) and (i, j)-entries (2 < i, j <r) are
_Cp.\'}xd—1+...’
-7, —[Cpo D + B 1B, Hitg—2 -7, ~[Cp, Tam] + P 4 -

We obtain the Egs. (4.10) for (y,, ,5,,, Cp) by comparing the LHS and the RHS.
The solution to Egs. (4.10) is unique since the first and second equations completely determine C), and y, and then
the third equation completely determines the value of 8,. O

4.4. Examples
The case of r = 2: we have the space of representatives as

Sw=1 AG) = (v(x) w(x))

ulx) t(x)
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0 wat1\ at1 , (Va Wa\ a V=1 Wd-1}
:<0 0 >x+ +<() ())x + 1 0 | x“" + lower termsin x

For P € Vg, (r,d), the genus of the curve Cp is d — 1. The isomorphism given in Proposition 4.9 becomes very

simple: x; (k =1,...,d — 1) are the zeros of u(x) and yx = t(x¢). The vector field on Sy, (4.9) becomes
1 0 (x+a—ug_o)wgyr +w
FV(AG) = [—A(a) + (@) (0 ( -2 d) , A(x)] :
X —a Ud

Let V ={P(x,y) € V(2,d) | s1(x) = 0}. The restriction ¥ ~1 (V) N Ss — V of our system Vs, i Soo = V(2,d)
coincides with the even Mumford system introduced by Vanhaeche [21].
The case of r = 3: this is a new system. Sy, is written as

vix)  wPx)  w®Px)

So=1 Ax) = [uP(x) TV 73D (x)
u@@) TV T (x)
1 2 1 2 (1) )
0wy, w, P wy w s [Pt Wamr Wa)
=lo o 0 |x+f{o 0o o |x+| 1 0 0 |
0o 0 0 0 1 0 o 1) T

+ lower terms in x

For P € Vg, (r,d), the genus g of Cp is 3d — 2. The isomorphism given in Proposition 4.9 becomes as follows: x;
are the zeros of D(A(x)) (4.2) and yi (4.7) has two equivalent descriptions:

u )T (x) —u® )71 (x)
uD(x)

X=X X=Xk

u® @) TS (x) —u® )T (x)
u@(x)

Yk =

The vector field on S is written as

t- tg
0 'y,x+'8,

FP(A(x) = [LA@ +(
a X —a 0 Cp

) , A(x)j| forp=1,2,
where
t?px —i—’ﬁp = hg) ((x +a— ufillz)trf)d+l —i—tﬁ)d)
2 2,1 1 2) (2,2
P G+ TR =gl + Uz s w1

2)
- 0 1 w
Cp =h§})( ! Y )+h},2>( dyl )
d “Vd Wy

> 0
Here Jy, and h), = (hfz)> are given at (4.11).
4
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